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Frame of Divergence Instability
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Linear static, linear dynamic, and nonlinear static stability analyses are performed on a geometrically perfect
two-member frame subjected to a compressive tangential load at its joint. On the basis of the linear analysis, the
frame loses its stability through either a divergence or a flutter type of instability depending on the amount of
joint stiffness. In the case of flutter-type instability, the static (linear or nonlinear) method of analysis cannot be
employed. By using the nonlinear static analysis we establish that the frame loses its stability through a limit
point. The nonlinear static analysis also sheds some light on the jump phenomenon in the critical load which is
due to the application of the linear stability analysis. The displacements corresponding to that critical state are
extremely large.

Introduction

PROBLEMS with the stability of nonconservative
structural systems are frequently encountered in the

modern design of aircraft and other structures. The
equilibrium stability of discrete or continuous systems acted
upon by nonconservative forces has been extensively in-
vestigated in recent years. However, only a few works on this
topic are devoted to the postbuckling response of such
systems.M Indeed, a review of the present state-of-the-art
shows that the nonlinear response of nonconservatively
loaded systems has not as yet been thoroughly investigated.
The following are some of the pertinent questions needing
clarification:

1) Is the failure of the static methods of analysis of the
aforementioned systems due to the fact that nonlinear terms
are not taken into account? In other words, is the static
nonlinear stability analysis always applicable to pure flutter-
type systems?

2) A linear analysis (either dynamic or static) leading to an
eigenvalue problem does not give any information concerning
the stability of the critical state. Are the magnitudes of the
displacements corresponding to that state consistent with the
limitations of linear stability theory? Are the types of critical
points of conservative systems valid for nonconservative
systems?

3) What is the nature of the jump phenomenon in the linear
critical load of nonconservatively loaded systems occurring
when the buckling mechanism of such systems changes from
flutter to divergence instability and vice versa?

The main objective of the present investigation is to cast
some light on these questions using simple methods of
analysis. We chose the geometrically perfect frame model in
Fig. 1, made from homogeneous, isotropic, and linearly
elastic material with modulus of elasticity E. The quantities £,,
Aif 77, and mt (/= 1,2) are the length, constant cross-sectional
area, constant moment of inertia, and mass per unit length,
respectively, of each member. The frame is subjected at its
joint to a constant magnitude follower compressive force P
which remains tangent to the centerline of the vertical member
during the deformation. Let w, and £, be the lateral and axial
displacement of the centerline of the /th member with the sign
convention shown in Fig. 1. In what follows, a linear (static
and dynamic) analysis and a nonlinear static analysis are
employed in discussing the actual response of the frame.
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Linear Stability Analysis
By resolving the follower force into a horizontal (non-

conservative) component and a vertical (conservative)
component, on the basis of the linear analysis we can make
the following approximations

(1)

where I32=P^/EI1 and ( ) '=d( )/dxr. Subsequently, the
classical static and dynamic methods of stability analysis are
employed.

Static Analysis
The following differential equations governing the

equilibrium of the frame are valid

;=0, w;"=0 (2)

Integration of these equations and use of the support
conditions result in

(3)w2(x2)=Ax3
2 + Tx2

Fig. 1 Geometry and sign convention.
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Application of the boundary conditions

w;"(7)=0, w 2 (7)=0, w 7 ' ( 7 ) -wj (7 )=0

w"( 1) + n\v2'(l) = 0, with /z=72£7/77t> (4)

by virtue of Eqs. (3) yields the following buckling equation

sin/3+(0/3/0=0 (5)

We can easily show that this equation has a nontrivial
solution for ^>1.53. In this case, the nonconservatively
loaded frame is a divergence-type system. Obviously, for
/x< 1.53, the frame is a flutter-type system and its critical load
can be established only by using the dynamic criterion5'6 as is
demonstrated in the next section.

Dynamic Analysis
In case of steady-state motion the following differential

equations can be obtained

where £j=m7a)2^/£77, k4
2=m2u2e4

2/EI2 (co is the circular
frequency of the steady-state motion).

Integration of Eqs. (6) and use of the support conditions
yields

(7 a)^2 ( X2 ) = A i sink2x2 +A3 sinhk2x2

where

p=t2/tj, m = mji2-lm1il (7b)

Application of the boundary conditions

w;"(7) +k4
lmwl (1) =0, w2(l) =0

w7 '(7) -wj(7) =0, w;'(7) +iw2'(D =0 (8)

by means of Eqs. (7a) yields the following frequency equation

|a,y | =0, ij= 1,2,3,4 (9)

where

o:77 =k4jm(sin\— — sinhXj — X(X2cosX + X2coshX)

(X5sinX-X5sinhX)

ot13 = a14 = 0t a21=ct22=0, a23 = sink2

a24 = sinh/:2, oc31 = X ( cos X — coshX )

a32 = — XsinX— XsinhX, a33 = — k2cosk2

a34 = — k2coshk2, ot41 = \( XsinX -I- XsinhX)

a42 = X2cosX-h X2coshX, a43 = n

ct44=-fjik2
2smhk2

It is known7 that the stability limit of the frame is
dependent on the nature of the nondimensionalized frequency
Q = XX. If the nondimensionalized load ft2 is considered as a
parameter, the limit of stability of the frame is determined
through the relationship Q = Q(j(32) . For nonconservatively
loaded systems of the divergence type (associated with non-
self-adjoint differential equations), the transition from
stability to instability takes place at Q2 =0. For 02 </32

r, all fi
are real. In contrast, for nonconservatively loaded systems of
the flutter type (associated, similarly, with non-self-adjoint
differential equations) stability is lost for that finite value of
/32 for which at least two consecutive frequencies become
equal. Beyond this value, the frequencies become complex
conjugate, and the corresponding motion is an oscillation
with exponentially increasing amplitude.

Depending on the values of the parameters JLI, p, and m, the
nonconservatively loaded frame can be a divergence- or
flutter-type system. Thus, Eq. (9) always has a nontrivial
solution regardless of the values of the aforementioned
parameters.

Nonlinear Stability Analysis
Consider an axially stressed beam subjected simultaneously

to bending. On the basis of the linear curvature-displacement
relationship and nonlinear axial strain-displacement
relationship, the following elastic strain energy functional, in
dimensionless form, can be written

== ~2 lo

in which X denotes the slenderness ratio of the beam.
By means of Eq. (1 1), application of the principle of virtual

work, after performing the variations and integrating by
parts, results in the following differential equations

] '=0 (12)

The respective kinematic and natural boundary conditions
resulting from the variational procedure are:

(13)

and

w/ (0 )=0

w / ( 7 ) + j a v / ( 7 ) = 0 (14)

(10)

Due to the first of Eqs. (14), Eqs. (12) and (14) can be
transformed as follows

(15)/w + k2 w/' = 0, w/" =0
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and
1/2W2

2(0)=0, w2"(0)=0

;(7) -w/" (1) =0

2" (1)=0

(16)

where k2 is the nondimensionalized axial (compressive) force
in the vertical member.

Integration of the last two of Eqs. (15) by means of the
support conditions [Eqs. (13)] and the second of Eqs. (16)
leads to

c7) =A](sinkx1-kx1) +A2(coskxJ-l)

w2(x2)=AIx3
2+A2x2 (17)

Subsequently, integration of the first two of Eqs. (15) and
use of Eqs. (17) and the support condition £7 (0) = 0 yield

4sinkx1

2k

(cos2kXl - l +3)]

+2AIA2(l-x3
2)+A2

2(l-x2)] (18)

Next, by virtue of the last of Eqs. (13) and the last of Eqs.
(16), we can determine the constants of integration A 7, A2 as
functions of A19 A2, and k. Inserting subsequently their
expressions into the second of the continuity conditions [Eqs.
(13)] and the third and fourth of Eqs. (16), we obtain the
following nonlinear equilibrium equations with respect to k,

]9 andA2,

-T M/U+
sin2k 4sink
2k

+ l 2 (cos2k - 4cosk + 3)
K

-p\Aj\k(cosk-l)- —sinkl

r . k2cosk~\~] „
-A2 A:smA: +———— = 0

L Ju JJ

p@2cos[A]k(cosk — l ) — A2ksink]

-k2p+A1k2sink+A2k2cosk=0 (19)

The complete response of the frame, at any level of the ap-
plied load 02 and for all values of the parameters /*, X7, and p,
is known if the solution of the nonlinear equation [Eqs. (19)]
is known.

In case the magnitude of the joint rotation w^l) up to the
critical state is very small, so that we can assume
sinw;(l) —W;( l ) and cos w7'(l)=:l, the equilibrium of the
frame can be established by means of the first of Eqs. (19),
where the constants Al andA2 are given by

Pl32(k2-I32)smk

^
~ k2[02+(k2-02)cosk] (20)

Numerical Results and Discussion
Linear Stability Analysis

The frequency equation [Eq. (9)] depends on the
dimensionless frequency !2 = \X = &j, the joint stiffness /z, the
length ratio p, the mass ratio m, and the nondimensionalized
load f t 2 . The critical load is obtained by solving this equation
on a digital computer by using a numerical scheme based on
step increasing the follower compressive load /32.

Fig. 2 Eigencurves (load ft2 vs frequency ft) for
various values of the joint stiffness /i.

i=l,53

18 20



764 A. N. KOUNADIS AND T. P. AVRAAM AIAA JOURNAL

Fig. 3 Nonlinear equilibrium paths
/32 vs <p for X7=80, p = 0.25, and
/* = 0.5, 1, 1.2, 1.3, 1.4, 1.5, 2, 4, 8,
and 16.

Fig. 4 External load |32
r vs joint stiffness /* for X7 = 80 and 40.

30

27.991+

25

20
19.948

15
14.707

• Jump

•̂  linear dynamic solution
nonlinear static solution for X=80 and p=0.25

linear static and dynamic solution

,11.775

Fig. 5 Relationship between load 02 and joint stiffness ^ on the
basis of linear static, linear dynamic, and nonlinear static analyses.

From the numerical solution of Eq. (9), we find that the
eigencurves l} = Q(/32) for /A > 1.5 3 intersect the /32 axis at
points which depend only on /* and are independent of the
parameters p and m. For that range of values of stiffness /*,
the instability is of the divergence type. This result is in
agreement with the static buckling equation [Eq. (5)] which
yields the same divergence critical loads. For /*<1.53, the
coincidence of the two first eigenmodes takes place at Q2 ̂  0
which means that the frame behaves as a flutter-type system.
In this case the static buckling equation admits only the trivial
solution /32=0.

The eigencurves corresponding to the first two eigenmodes
for various values of the stiffness parameter /* are shown in
Fig. 2. At the critical value /A = 1.53,'the buckling mechanism
changes from divergence to flutter instability and vice versa.
Moreover, this change is associated with a considerable
discontinuity7 in the critical load. Specifically, at /i= 1.53 +

the divergence critical load is equal to 19.948, whereas at
/*= 1.53 - the flutter (critical) load becomes equal to 27.994.
Another kind of jump in the flutter load has been presented in
Ref. 8.

In conclusion the linear static stability analysis can be
applied for /A> 1.53, whereas the linear dynamic analysis is
valid for the entire range of values of p. Thus, the region of
flutter-type instability is very limited and the divergence-type
instability predominates.7'9 However, the foregoing linear
stability analyses do not give any information concerning the

magnitudes of displacements at the critical state. Sub-
sequently, some light on this question and thus the validity of
these analyses will be shown by using a nonlinear static
stability analysis.

Nonlinear Stability Analysis
Solving numerically the system of nonlinear equations

[Eqs. (19)] for given values of the parameters /x, X7, and p
and each level of the load ]82, we can establish all of the
equilibrium paths as plots of the load 02 vs some charac-
teristic displacement, viz., w7(l), £7(1), or w7'(l). In all cases
the critical load is determined as a limit point load.

From Fig. 3 we can see the relationship between the joint
rotation <p = w;'(l) and the nondimensionalized /32 for a two-
bar frame with p = 0.25, X7 =80, and various values of the
stiffness parameter /*, viz., /*=16, 8, 4, 2, 1.5, 1.4, 1.3, 1.2,
and 1.0. It is worth observing that for /i = 8 and 16 the
rotation <pcr corresponding to the critical (limit) point load is
positive, whereas for /i<4, <pcr becomes negative. Certainly,
there is some intermediate value of ju, between 4 and 8 for
which ^cr=0. The decrease of the parameter /x implies a
considerable reduction to <pcr; moreover for some critical
value of JLI between 1.4 and 1.3, <pcr becomes infinitely large
(the corresponding limit point goes to infinity). Beyond the
value of IJL- 1.5, the validity of these results is questionable
for the magnitudes of the joint displacements are not con-
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sistent with the nonlinear theory employed herein. However,
we can observe that as /* approaches some critical value
between n= 1.4 and 1.3, the equilibrium path degenerates into
several curves which are physically unacceptable solutions.
Consequently, for /*</xcr the application of the nonlinear
static analysis fails and the foregoing region of flutter-type
instability cannot be discussed. Nevertheless, the use of the
nonlinear static analysis leads to two very important ob-
servations. The divergence-type instability is associated with a
limit point instability, and the foregoing jump indicates that
the magnitude of the corresponding displacements are in-
finitely large.

From Fig. 4 we can see the effect of joint stiffness n on the
critical load for A, =40 and 80. Clearly as X7 decreases, the
load-carrying capacity also decreases. This result is also valid
for the conservatively loaded frame presented in Ref . 10.

Comparison between Linear and Nonlinear Solutions
From Fig. 5 we can see the dependence of the critical load

j82 on the stiffness parameter //, on the basis of the linear static
and dynamic analysis as well as of the nonlinear analysis with
A; =80 and p = 0.25. Clearly, the linear static and linear
dynamic critical (divergence) loads coincide for ^i> 1.53. The
corresponding nonlinear critical loads are practically the same
as the linear critical loads for />t>6, whereas for 1.53<pt<6
they become substantially higher than the last ones. The
difference between the nonlinear and linear critical load at
ju=1.53 is approximately equal to the aforementioned
discontinuity in the critical load. The validity of both the
nonlinear and linear analyses is questionable for /x ap-
proaching its critical value, /*cr = 1.53. This fact is due to the
large magnitudes of the corresponding critical state
displacements which are not consistent with the limitations of
the linear stability theory. We also emphasize that all of the
critical states for pt>1.53 are unstable for, as shown
previously, the frame loses its stability through a limit point
(snap-through) buckling.

The accuracy of the flutter load obtained by means of
dynamic analysis (for /*> 1.53) can be discussed only by using
a nonlinear dynamic stability analysis, because both static
(linear and nonlinear) analyses fail at that range of values of
jLt.

From this investigation and that presented in Ref. 4, we can
conclude that the types of critical points appearing in con-
servative systems appear also in nonconservative divergence
type systems.

Conclusions
In vthis investigation the elastic stability of a non-

conservatively loaded frame subjected at its joint to a
tangential load is discussed on the basis of linear static, linear
dynamic, and nonlinear static analyses. The following
constitute the most important conclusions:

1) Both types of instability, viz., divergence and flutter, can
occur depending on the amount of a joint stiffness parameter.

2) Linear and nonlinear static methods of stability analysis
cannot be employed for investigating the stability of flutter-
type systems. In this case dynamic (linear or nonlinear)
stability analysis must be employed.

3) The region of flutter-type instability is very limited and
therefore the divergence-type instability predominates.
However, a nonlinear stability analysis is needed for deter-
mining the type of the critical states of equilibrium.

4) By using the nonlinear analysis we show that the frame
loses its stability through divergence which is associated with
a limit point instability. Consequently, the stability of the
frame is governed by snap-through buckling.

5) The jump phenomenon in the critical load occurring
when the buckling mechanism changes from flutter to
divergence and vice versa is a consequence of the application
of the linear methods of stability analysis.

6) From the nonlinear stability analysis it is established that
the displacements corresponding to that jump become ex-
tremely large, and therefore the results obtained by the linear
(static or dynamic) method of analysis are not consistent with
its limitations.

7) For large values of the joint stiffness parameter /*, the
linear and nonlinear static analyses give practically identical
results, whereas for small values of this parameter an ap-
preciable disagreement between the linear and nonlinear
critical load is observed. This disagreement becomes ex-
tremely pronounced as the foregoing parameter approaches
its critical value which corresponds to the jump phenomenon..

8) The types of critical points of conservatively loaded
systems are also valid for nonconservatively loaded systems of
the divergence type.
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